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Abstract
The geometry of the Lie algebroid generalized tangent bundle of a
generalized Lie algebroid is developed. Formulas of Ricci type and iden-
tities of Cartan and Bianchi type are presented. Introducing the notion
of geodesic of a mechanical (ρ, η)-system with respect to a (ρ, η)-spray,
the Berwald (ρ, η)-derivative operator and its mixed curvature, we obtain
main results to conceptualize the Weyl’s method in this general frame-
work. Finally, we obtain two new results of Weyl type for the geometry
of mechanical (ρ, η)-systems.
Keywords: distinguished connection, dynamical system, generalized Lie alge-
broid, geodesic, projectively related sprays. 1
1 Introduction
The classical theory of physical geometry, developed by Helmholtz, Poincare´
and Hilbert, regarded the concept of the “metric congruence” as the only basic
relation in geometry, and constructed physical geometry from this one notion
alone in terms of the relative positions and displacements of physical congru-
ence standards. Although Einstein’s general theory of relativity championed a
dynamical view of spacetime geometry that is very different from the classical
theory of physical geometry, Einstein initially approached the problem to find a
structure of spacetime from the metrical point of view. The decisive step in this
development, however, was T. Levi-Civita’s discovery in 1917 of the concept of
infinitesimal parallel vector displacement, and the fact that such parallel vector
displacement is uniquely determined by the metric field of Riemannian geom-
etry. In 1918, Weyl presented his ingenious attempt to unify gravitation and
electromagnetism by constructing a gauge-invariant geometry which is a purely
infinitesimal metric geometry [31]. Weyl wanted a metric geometry which would
not permit distance comparison of lenght between two vectors located at finitely
different points. Weyl’s metric-independent construction of the affine structure
led to the development the differential projective geometry. The interest in
projective geometry is in the paths of curves.
It is important to understand that what one means by a “curve” is the map
(the parametric description) itself, and not the set of its image points(namely,
1 2010 Mathematics subject Classification: 53C05, 17B66, 70S05 and 53C60, 53C40.
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the path). Consequently, two curves are mathematically considered to be differ-
ent curves if they are given by different maps (different parameter descriptions),
even though their image sets (namely, their paths) are the same [9].
Weyl recognized the importance of a torsion-free covariant derivative oper-
ator independently of a metric (see [30]) and in 1921 he proposed to extend the
geometric structure (more precisely the affine connection) determined by the
system of freely falling particles [32].
In a modern formulation, the Weyl’s theorem turns up as follows:
Two torsion-free covariant derivative operators DM and D¯M have the same
geodesics up to a parameter transformation if and only if there exists a 1-form
α such that
D¯M = DM + α⊗ 1 + 1⊗ α,
where 1 is the identity tensor of (1, 1)-type.
The covariant derivative operators D¯M and DM are called projectively
equivalent.
A classical proof of Weyl’s theorem is presented in [12] and some coordinate-free
proofs are presented in e.g. [16, 18, 22]. As there exists a canonical bijective core-
spondence between the set of torsion-free covariant derivative of tensorial alge-
bra of the usual Lie algebroid ((TM, τM ,M) , [, ]TM , (IdTM , IdM )) and the set of
sprays of the usual Lie algebroid ((TTM, τTM , TM) , [, ]TTM , (IdTTM , IdTM )) ,
a first modern formulation of Weyl’s theorem in this new direction by research
was presented by Ambrose, Palais and Singer [1]. See also [8].
Using the pull-back formalism given by the short exact sequence
0 →֒ τ∗M (TM)
i
−−→ TTM
j
−−−→ τ∗M (TM) −→ 0
↓ ↓ ↓ ↓ ↓
TM
IdTM
−−−−→ TM
IdTM
−−−−−→ TM
IdTM
−−−−−→ TM
IdTM
−−−−−→ TM
which is more known in Finsler geometry (see e.g. [6, 23]), in the geometry of
second-order ordinary differential equations or in the inverse problem of calculus
of variations [7, 14], Szilasi examines in [24] how some basic geometric data will
transform under a projective change of the spray. In addition, using the Yano
derivative operator (see [33]), Szilasi extend the Weyl’s theorem to the general
class of non-affine sprays.
Using the prolongation Lie algebroid
((LpiE, πL, E) , [, ]L , (ρL, IdE)) ,
of a Lie algebroid
((E, π,M) , [, ]E , (ρ, IdM )) ,
the pull-back formalism given by the short exact sequence
0 →֒ π∗ (E) i−−→ LpiE
j
−−−→ π∗ (E) −→ 0
↓ ↓ ↓ ↓ ↓
E
IdE
−−−→ E
IdE
−−−→ E
IdE
−−−→ E
IdE
−−−→ E
is studied by many e.g. [10, 11, 13, 14, 15] and similar results with the classical
ones were appeared (see also [19, 20, 21, 25, 26, 27, 28, 29]).
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Recently, using the previous short exact sequence, the second author rebuild
the Finsler geometry concepts on the Lie algebroid structures and obtained
important results about Liouville section and (semi)sprays [17].
The first author in [2] introduced the Lie algebroid generalized tangent bun-
dle (
((ρ, η) TE, (ρ, η) τE , E), [, ](ρ,η)TE , (ρ˜, IdE)
)
,
of a generalized Lie algebroid
(
(E, π,M) , [, ]E,h , (ρ, η)
)
,
and developed the geometry of mechanical (ρ, η)-systems in [4] using the short
exact sequence
0 →֒ V (ρ, η)TE →֒ (ρ, η)TE
(ρ,η)pi!
−−−−−−−→ (h ◦ π)∗E −→ 0
↓ ↓ ↓ ↓ ↓
E
IdE
−−−→ E
IdE
−−−→ E
IdE
−−−→ E
IdE
−−−→ E
During study of sprays and geodesics in the general mechanical (ρ, η)-systems,
a natural question will be arised.
Can we obtain theorems of Weyl type in the general framework of me-
chanical (ρ, η)-systems?
We answer to the question in the last section. To this end, we must introduce
principle concepts like the geodesic as the heart of the problem, the Berwald
derivative operator and its mixed curvature. These are the main tools to con-
ceptualize the Weyl method.
This paper is arranged as follows. In section 2, presenting a (generalized)
Lie algebroid, the Lie algebroid generalized tangent bundle is introduced. In
subsection 2.1 connections on a total space of a generalized Lie algebroid are
studied. For more details, one can see also [3]. In subsection 2.2, we introduce a
lift of a curve on the base of a generalized Lie algebroid that leads us to derive
the differential equation for geodesics. In subsection 2.3 some classical endo-
morphisms for the module of sections of the Lie algebroid generalized tangent
bundle are made. Section 6 is devoted to developing the theory of general dis-
tinguished linear connections for the Lie algebroid generalized tangent bundle.
The torsion and the curvature of a distinguished linear (ρ, η)-connection is de-
veloped and studied next. Formulas of Ricci type and identities of Cartan and
Bianchi type in the general framework of the Lie algebroid generalized tangent
bundle of a generalized Lie algebroid end this section. A presentation of the
(ρ, η)-semisprays and (ρ, η)-sprays is in section 4. Other aspects and more de-
tails can be found in [4]. Also, there is a theorem in this section that classifies
the integral curves inducing by a (ρ, η)-spray. The section 5 is reserved to two
theorems of the Weyl type. In this section, beginning with a Berwald covari-
ant derivative, we study the horizontal projector associated to a (ρ, η)-spray.
Moreover, we develop the sense of projectively related of (ρ, η)-sprays using
the Liouville section. Then, defining the concept of geodesic of a mechanical
(ρ, η)-system with respect to a (ρ, η)-spray, we answer to the above mentioned
question in terms of two final theorems.
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2 The Lie algebroid generalized tangent bundle
of a generalized Lie algebroid
Let (F, ν,N) be a vector bundle, Γ(F, ν,N) be the set of the sections of it and
F(N) be the set of smooth real-valued functions on N . Then (Γ(F, ν,N),+, ·)
is a F(N)-module. If (ϕ, ϕ0) is a morphism from (F, ν,N) to (F ′, ν′, N ′) such
that ϕ0 is a isomorphism from N to N
′, then using the operation
F (N)× Γ (F ′, ν′, N ′) ·−−−−→ Γ (F ′, ν′, N ′) ,
(f, u′) 7−→ f ◦ ϕ−10 · u
′,
it results that (Γ(F ′, ν′, N ′),+, ·) is a F(N)-module and the modules morphism
Γ (F, ν,N)
Γ(ϕ,ϕ0)
−−−−−−−−−−→ Γ (F ′, ν′, N ′) ,
u 7−→ Γ (ϕ, ϕ0)u,
defined by
Γ(ϕ, ϕ0)u(y) = ϕ(uϕ−10 (y)
) = (ϕ ◦ u ◦ ϕ−10 )(y),
for any y ∈ N ′ will be obtained.
Definition 2.1. A generalized Lie algebroid is a vector bundle (F, ν,N) given
by the diagram
(
F, [, ]F,h
)
ρ
−−−−−−→ (TM, [, ]TM )
Th
−−−−−−−→ (TN, [, ]TN )
↓ ν ↓ τM ↓ τN
N
η
−−−−−→ M
h
−−−−−→ N
(1)
where h and η are arbitrary isomorphisms, (ρ, η) : (F, ν,N) −→ (TM, τM ,M)
is a vector bundles morphism and
Γ (F, ν,N)× Γ (F, ν,N)
[,]
F,h
−−−−−−−→ Γ (F, ν,N) ,
(u, v) 7−→ [u, v]F,h ,
is an operation satisfies in
[u, f · v]F,h = f [u, v]F,h + Γ (Th ◦ ρ, h ◦ η) (u) f · v, ∀f ∈ F(N),
such that the 4-tuple (Γ(F, ν,N),+, ·, [, ]F,h) is a Lie F(N)-algebra.
We denote by
(
(F, ν,N), [, ]F,h, (ρ, η)
)
the generalized Lie algebroid defined
in the above. Moreover, the couple
(
[, ]F,h, (ρ, η)
)
is called the generalized Lie al-
gebroid structure. It is easy to see that in the above definition, the modules mor-
phism Γ(Th ◦ ρ, h ◦ η) : (Γ(F, ν,N),+, ·, [, ]F,h) −→ (Γ(TN, τN , N),+, ·, [, ]TN)
is a Lie algebras morphism.
Definition 2.2. A morphism from ((F, ν,N), [, ]F,h, (ρ, η)) to
((F ′, ν′, N ′), [, ]F ′,h′ , (ρ
′, η′)) is a morphism (ϕ, ϕ0) from (F, ν,N) to (F
′, ν′, N ′)
such that ϕ0 is an isomorphism from N to N
′, and the modules morphism
Γ(ϕ, ϕ0) is a Lie algebras morphism from (Γ (F, ν,N) ,+, ·, [, ]F,h) to
(Γ (F ′, ν′, N ′) ,+, ·, [, ]F ′,h′).
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Remark 2.3. In particular case (η, h) = (IdM , IdM ), the definition of the Lie
algebroid will be obtained.
In the next we consider that ((E, π,M) , [, ]E,h , (ρ, η)) is a generalized lie
algebroid, where η and h are diffeomorphisms on M . Setting
(
xi, ya
)
as the
canonical local coordinates on (E, π,M) , where i ∈ 1, · · · ,m, a ∈ 1, · · · , r, and
(
xi, ya
)
−→
(
xi´
(
xi
)
, ya´
(
xi, ya
))
,
is a change of coordinates on (E, π,M), then the coordinates ya change to ya´
according to the rule
ya´ = Ma
′
a y
a. (2)
We consider the pull-back bundle
(
(h ◦ π)∗E, (h ◦ π)∗ π,E
)
of this generalized
Lie algebroid. If we define
(h ◦ π)∗E
(h◦pi)∗E
ρ
−−−−−→ TE
XaSa(ux) 7−→ X
a
(
ρia ◦ h ◦ π
) ∂
∂xi
(ux) ,
(3)
then ((
(h◦pi)∗E
ρ , IdE)) :
(
(h ◦ π)∗E, (h ◦ π)∗ π,E
)
−→ (TE, τE , E) is a vector
bundles morphism. Moreover, the operation
Γ
(
(h ◦ π)∗E, (h ◦ π)∗ π,E
)2 [,](h◦pi)∗E
−−−−−−−−−−−→ Γ
(
(h ◦ π)∗E, (h ◦ π)∗ π,E
)
,
defined by
[Sa, Sb](h◦pi)∗E = (L
c
ab ◦ h ◦ π)Sc,
[Sa, fSb](h◦pi)∗E = f (L
c
ab ◦ h ◦ π)Sc +
(
ρia ◦ h ◦ π
) ∂f
∂xi
Sb,
[fSa, Sb](h◦pi)∗E = − [Sb, fSa](h◦pi)∗E ,
(4)
for any f ∈ F (E), is a Lie bracket on Γ
(
(h ◦ π)∗E, (h ◦ π)∗ π,E
)
. It is easy to
check that
(
((h ◦ π)∗E, (h ◦ π)∗ π,E), [, ](h◦pi)∗E , (
(h◦pi)∗E
ρ , IdE)
)
,
is a Lie algebroid which is called the pull-back Lie algebroid of the generalized
Lie algebroid ((E, π,M) , [, ]E,h , (ρ, η)).
Remark 2.4. If u = uasa is a section of (E, π,M), then its corresponding
section is
X = XaSa ∈ Γ((h ◦ π)
∗E, (h ◦ π)∗π,E),
given by X (ux) = u (h (x)), for any ux ∈ π−1(V ∩h
−1W ), where (V, tV ) and
(W, tW ) are two vector local (m+ r)-charts such that V ∩h
−1W 6= ∅.
Let (∂i, ∂˙a) be the base sections for the Lie F(E)-algebra
(Γ(TE, τE , E),+, ·, [, ]TE).
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Then
Xa∂˜a + X˜
a ˙˜∂a := X
a(Sa ⊕ (ρ
i
a ◦ h ◦ π)∂i) + X˜
a(0pi∗E ⊕ ∂˙a)
= XaSa ⊕ (X
a(ρia ◦ h ◦ π)∂i + X˜
a∂˙a),
making from XaSa ∈ Γ
(
(h ◦ π)∗E, (h ◦ π)∗ π,E
)
and X˜a∂˙a ∈ Γ (V TE, τE, E)
is a section of ((h ◦ π)∗E⊕TE,
⊕
π,E). Moreover, it is easy to see that the sections
∂˜1, · · · , ∂˜r,
˙˜
∂1, · · · ,
˙˜
∂r are linearly independent. Now, we consider the vector sub-
bundle ((ρ, η)TE, (ρ, η) τE , E) of the vector bundle ((h ◦ π)
∗
E ⊕ TE,
⊕
π,E), for
which the F(E)-module of sections is the F(E)-submodule of (Γ((h ◦ π)∗E ⊕
TE,
⊕
π,E),+, ·), generated by the set of sections (∂˜a,
˙˜
∂a). The base sections
(∂˜a,
˙˜
∂a) are called the natural (ρ, η)-base.
Now consider the vector bundles morphism (ρ˜, IdE) : ((ρ, η)TE, (ρ, η)τE , E)
−→ (TE, τE , E) , where
(ρ, η)TE
ρ˜
−−−→ TE
(Xa∂˜a + X˜
a ˙˜∂a)(ux) 7−→ (Xa(ρia◦h◦π)∂i+X˜
a∂˙a)(ux).
(5)
Moreover, define the Lie bracket [, ](ρ,η)TE as follows
[
Xa1 ∂˜a + X˜
a
1
˙˜
∂a, X
b
2 ∂˜b + X˜
b
2
˙˜
∂b
]
(ρ,η)TE
=
[
Xa1Sa, X
b
2Sb
]
pi∗E
⊕
[
Xa1 (ρ
i
a ◦ h ◦ π)∂i
+ X˜a1 ∂˙a, X
b
2(ρ
j
b ◦ h ◦ π)∂j + X˜
b
2 ∂˙b
]
TE
.
(6)
Easily we obtain that ([, ](ρ,η)TE , (ρ˜, IdE)) is a Lie algebroid structure for the
vector bundle ((ρ, η)TE, (ρ, η) τE , E) which is called the generalized tangent
bundle (see [2, 3, 4]).
2.1 (ρ, η)-connections
Consider the vector bundles morphism ((ρ, η)π!, IdE) given by the commutative
diagram
(ρ, η)TE
(ρ,η)pi!
−−−−−−−→ (h ◦ π)∗E
(ρ, η) τE ↓ ↓ (h ◦ π)∗π
E
IdE
−−−→ E
(7)
by the rule
(ρ, η)π!((Xa∂˜a + X˜
a
·
∂˜a)(ux)) = (X
aSa)(ux), (8)
for any Xa∂˜a + X˜
a ˙˜∂a ∈ Γ ((ρ, η)TE, (ρ, η) τE , E). Using the vector bundles
morphism ((ρ, η)π!, IdE), the tangent (ρ, η)-application ((ρ, η)Tπ, π) from
((ρ, η)TE, (ρ, η)τE , E) to (E, π,M) will be obtained.
The kernel of the tangent (ρ, η)-application is denoted by (V (ρ, η)TE, (ρ, η)τE , E)
and is called the vertical subbundle. Moreover, the set { ˙˜∂a| a ∈ 1, · · · , r} is a
base of the F (E)-module (Γ (V (ρ, η)TE, (ρ, η) τE , E) ,+, ·).
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Proposition 2.5. The short sequence of vector bundles
0 →֒ V (ρ, η)TE →֒ (ρ, η)TE
(ρ,η)pi!
−−−−−−−→ (h ◦ π)∗E −→ 0
↓ ↓ ↓ ↓ ↓
E
IdE
−−−−→ E
IdE
−−−−→ E
IdE
−−−−→ E
IdE
−−−−→ E
(9)
is exact.
A manifolds morphism (ρ, η) Γ from (ρ, η)TE to V (ρ, η)TE defined by
(ρ, η) Γ(Xc∂˜c + X˜
a ˙˜∂a)(ux) =
(
X˜a + (ρ, η) ΓacX
c
)
˙˜
∂a (ux) , (10)
so that the vector bundles morphism ((ρ, η) Γ, IdE) is a split to the left in
the exact sequence (9), will be called (ρ, η)-connection for the vector bundle
(E, π,M). If (ρ, η) Γ is a (ρ, η)-connection for the vector bundle (E, π,M),
then the kernel of the vector bundles morphism ((ρ, η) Γ, IdE) denoting by
(H (ρ, η)TE, (ρ, η) τE , E) is called the horizontal vector subbundle. Putting
δ˜a = ∂˜a − (ρ, η) Γba
˙˜
∂b = Sa ⊕ ((ρia ◦ h ◦ π)∂i − (ρ, η) Γ
b
a∂˙b), (11)
it is easy to see that {δ˜a|a = 1, · · · , r} is a base of the F(E) module
(Γ (H (ρ, η) TE, (ρ, η) τE , E) ,+, ·) .
The base (δ˜a,
˙˜
∂a) will be called the adapted (ρ, η)-base. Let (dx˜
a, dy˜b) be the
natural dual (ρ, η)-base of natural (ρ, η)-base (∂˜a,
˙˜
∂a). Then (dx˜
a, δy˜a) is the
adapted dual (ρ, η)-base of (δ˜a,
˙˜
∂a), where
δy˜a = (ρ, η) Γacdx˜
c + dy˜a, a ∈ 1, · · · , r. (12)
This base is called the adapted dual (ρ, η)-base. One can deduce that
Γ(ρ˜, IdE)(δ˜a) = (ρ
i
a ◦ h ◦ π)∂i − (ρ, η) Γ
b
a∂˙b, (13)
where (∂i, ∂˙a) is the natural base for the F(E)-module (Γ (TE, τE, E) ,+, ·) [2].
Theorem 2.6. The equalities
[δ˜a, δ˜b](ρ,η)TE = L
c
ab ◦ h ◦ π · δ˜c + (ρ, η, h)R
c
ab
˙˜
∂c, (14)
[δ˜a,
˙˜
∂b](ρ,η)TE = Γ(ρ˜, IdE)(
˙˜
∂b)((ρ, η) Γ
c
a)
˙˜
∂c, (15)
[ ˙˜∂a,
˙˜
∂b](ρ,η)TE = 0, (16)
where
(ρ, η, h)Rc ab = Γ(ρ˜, IdE)(δ˜b)((ρ, η) Γ
c
a)− Γ(ρ˜, IdE)(δ˜a)((ρ, η) Γ
c
b)
+ (Ldab ◦ h ◦ π) (ρ, η) Γ
c
d. (17)
are hold. Moreover
Γ(ρ˜, IdE)[δ˜a, δ˜b](ρ,η)TE = [Γ(ρ˜, IdE)(δ˜a),Γ(ρ˜, IdE)(δ˜b)]TE . (18)
7
2.2 The (g, h)-lift of a differentiable curve
Let c : I →M be a differentiable curve. Then
(E|Im(η◦h◦c), π|Im(η◦h◦c), Im(η ◦ h ◦ c)),
is a vector subbundle of the vector bundle (E, π,M). If
I
c˙
−−−→ E|Im(η◦h◦c)
t 7−→ ya (t) sa ((η ◦ h ◦ c) (t)) ,
is a differentiable curve such that there exists a vector bundles morphism (g, h)
from (E, π,M) to (E, π,M) satisfying in
ρ ◦ g ◦ c˙ (t) =
d (η ◦ h ◦ c)i (t)
dt
∂
∂xi
((η ◦ h ◦ c) (t)) , (19)
for any t ∈ I, then c˙ is called the (g, h)-lift of the differentiable curve c. Moreover,
the section
Im (η ◦ h ◦ c)
u(c,c˙)
−−−→ E|Im(η◦h◦c)
η ◦ h ◦ c (t) 7−→ c˙ (t) ,
(20)
will be called the canonical section associated to the couple (c, c˙) .
Definition 2.7. If the vector bundles morphism (g, h) has the components
gab ; a, b ∈ 1, · · · , r,
such that for any vector local (m+ r)-chart (V, tV ) of (E, π,M) there exists the
real functions
V
g˜ba
−−−−−−→ R ; a, b = 1, · · · , r,
such that
g˜bc (x) · g
c
a (x) = δ
b
a, (21)
for any x ∈ V, then we will say that the vector bundles morphism (g, h) is locally
invertible.
Using the components of (g, h), the condition (19) is equivalent to
ρid (η ◦ h ◦ c (t)) g
d
a (h ◦ c (t)) y
a (t) = d(η◦h◦c)
i(t)
dt
, i ∈ 1, · · · ,m. (22)
Remark 2.8. In particular, if (IdTM , IdM , IdM ) = (ρ, η, h) and the vector
bundles morphism (g, IdM ) is locally invertible, then we have the differentiable
(g, IdM )-lift
I
c˙
−−−→ TM
t 7−→ g˜ij (c (t))
dcj (t)
dt
∂
∂xi
(c (t)) .
(23)
Moreover, if g = IdTM , then we obtain the usual lift of tangent vectors
I
c˙
−−−→ TM
t 7−→
dci (t)
dt
∂
∂xi
(c (t)) .
(24)
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Definition 2.9. If I
c˙
−−−→ E|Im(η◦h◦c) is a differentiable (g, h)-lift of dif-
ferentiable curve c, such that its component functions ya, a ∈ {1, · · · , n}, are
solutions for the differentiable system of equations
dua
dt
+ (ρ, η) Γad ◦ u (c, c˙) ◦ (η ◦ h ◦ c) · g
d
b ◦ h ◦ c · u
b = 0, (25)
then we will say that the (g, h)-lift c˙ is parallel with respect to the (ρ, η)-
connection (ρ, η) Γ.
Remark 2.10. In particular, if (ρ, η, h) = (IdTM , IdM , IdM ) and the vector
bundles morphism (g, IdM ) is locally invertible, then the differentiable (g, IdM )-
lift
I
c˙
−−−→ TM
t 7−→ (g˜ij ◦ c ·
dcj
dt
)
∂
∂xi
(c (t)) ,
(26)
is parallel with respect to the connection Γ if the component functions
g˜ij ◦ c ·
dcj
dt
, i ∈ {1, · · · , n},
are solutions for the differentiable system of equations
dui
dt
+ Γik ◦ u (c, c˙) ◦ c · g
k
h ◦ c · u
h = 0, (27)
namely
d
dt
(g˜ij(c(t)) ·
dcj(t)
dt
) + Γik((g˜
i
j(c(t))
dcj(t)
dt
)
∂
∂xi
(c(t)))
dck(t)
dt
= 0. (28)
Moreover, if g = IdTM , then the usual lift of the tangent vectors (24) is parallel
with respect to the connectoin Γ if the component functions dc
j
dt
, j ∈ {1, · · · , n},
are solutions for the differentiable system of equations
dui
dt
+ Γik ◦ u (c, c˙) ◦ c · u
k = 0, (29)
namely
d
dt
(
dcj(t)
dt
)
+ Γik
(
dcj(t)
dt
· ∂
∂xi
(c (t))
)
· dc
k(t)
dt
= 0. (30)
2.3 Remarkable modules endomorphisms
In the next of the paper we present the locally expression of a section X =
Xa∂˜a + X˜
a ˙˜∂a of the generalized tangent bundle ((ρ, η)TE, (ρ, η)τE , E) with
respect to the adapted (ρ, η)-base {δ˜a,
˙˜
∂a} as
X = Xaδ˜a +
˙˜
Xa
˙˜
∂a,
where ˙˜Xa = X˜a + (ρ, η)ΓabX
b.
Definition 2.11. A modules endomorphism e of Γ((ρ, η)TE,(ρ, η) τE ,E) with
the property e2 = e will be called projector.
The followings are two important examples of the projectors.
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Example 2.12. The modules endomorphism
Γ((ρ, η)TE,(ρ, η) τE ,E)
V
−−−→ Γ((ρ, η)TE,(ρ, η) τE ,E)
Xaδ˜a +
˙˜
Xa
˙˜
∂a 7−→
˙˜
Xa
˙˜
∂a,
is a projector which is called the vertical projector. It is obvious that V(δ˜a) = 0
and V( ˙˜∂a) =
˙˜
∂a. Therefore
V(∂˜a) = (ρ, η) Γ
b
a
˙˜
∂b.
Also, it can be deduced that
Γ((ρ, η) Γ, IdE)(X
a∂˜a + X˜
a ˙˜∂a) = V(X
a∂˜a + X˜
a ˙˜∂a),
for any Xa∂˜a + X˜
a ˙˜∂a ∈ Γ ((ρ, η)TE, ρτE, E) .
Example 2.13. The modules endomorphism
Γ ((ρ, η)TE, (ρ, η) τE , E)
H
−−−→ Γ ((ρ, η)TE, (ρ, η) τE , E)
Xaδ˜a +
˙˜
Xa
˙˜
∂a 7−→ Xaδ˜a,
is a projector which is called the horizontal projector. It is easy to see that
H(δ˜a) = δ˜α and H
( ˙˜
∂a
)
= 0. Therefore H(∂˜α) = δ˜α.
From the above examples we result that any X ∈ Γ ((ρ, η)TE, (ρ, η) τE , E)
has the unique decomposition X = HX + VX .
Theorem 2.14. A (ρ, η)-connection for the vector bundle (E, π,M) is charac-
terized by the existence of a modules endomorphism V of Γ ((ρ, η)TE, ρτE, E)
with the properties
(i) V (Γ ((ρ, η)TE, (ρ, η) τE , E)) ⊂ Γ (V (ρ, η)TE, (ρ, η) τE , E),
(ii) V (X) = X if and only if X ∈ Γ (V (ρ, η)TE, (ρ, η) τE , E).
Theorem 2.15. A (ρ, η)-connection for the vector bundle (E, π,M) is charac-
terized by the existence of a modules endomorphism H of Γ ((ρ, η)TE, (ρ, η) τE , E)
with the properties
(i) H (Γ ((ρ, η)TE, (ρ, η) τE , E)) ⊂ Γ (H (ρ, η)TE, (ρ, η) τE , E),
(ii) H (X) = X if and only if X ∈ Γ (H (ρ, η)TE, (ρ, η) τE , E).
Corollary 2.16. A (ρ, η)-connection for the vector bundle (E, π,M) is charac-
terized by the existence of a modules endomorphism H of Γ ((ρ, η)TE, (ρ, η) τE , E)
with the properties
(i) H2 = H,
(ii) Ker (H) = (Γ (V (ρ, η)TE, (ρ, η) τE , E) ,+, ·).
Definition 2.17. Amodules endomorphism e of Γ ((ρ, η)TE, ((ρ, η) τE , E) with
the property e2 = Id is called the almost product structure.
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Example 2.18. The modules endomorphism
Γ ((ρ, η)TE, (ρ, η) τE , E)
P
−−−→ Γ ((ρ, η)TE, (ρ, η) τE , E)
Xaδ˜a +
˙˜
Xa
˙˜
∂a 7−→ X
aδ˜a −
˙˜
Xa
˙˜
∂a,
(31)
is an almost product structure. Thus we have P(δ˜a) = δ˜a and P(
˙˜
∂a) = −
˙˜
∂a,
which give us P(∂˜α) = δ˜a − (ρ, η) Γba
˙˜
∂b.
Theorem 2.19. A (ρ, η)-connection for the vector bundle (E, π,M) is charac-
terized by the existence of a modules endomorphism P of Γ ((ρ, η)TE, (ρ, η) τE , E)
by the equivalence
P (X) = −X if and only if X ∈ Γ (V (ρ, η)TE, (ρ, η) τE , E) .
It is known that the following relations hold between the vertical projector,
horizontal projector and almost product structure.
P = (2H− Id) ; P = (Id− 2V) ; P = (H− V) .
Definition 2.20. A modules endomorphism e of (Γ(ρ, η)TE, (ρ, η) τE , E) with
the property e2 = 0 is called the almost tangent structure.
Example 2.21. If g is a manifolds morphism on E such that (g, h) is a locally
invertible vector bundles morphism, then the modules endomorphism
Γ (ρTE, ρτE, E)
J(g,h)
−−−−→ Γ (ρTE, ρτE , E)
Xaδ˜a +
˙˜
Xa
˙˜
∂a 7−→
(
g˜ba ◦ h ◦ π
)
Xa
˙˜
∂b,
is an almost tangent structure which is called the almost tangent structure
associated to the vector bundles morphism (g, h). This almost tangent structure
has the properties
J(g,h)(δ˜a) = J(g,h)(∂˜a) = (g˜
b
a ◦ h ◦ π)
˙˜
∂b and J(g,h)(
˙˜
∂b) = 0.
Moreover, the following equations are hold.
J
(g,h)
◦ P = J
(g,h)
, P ◦ J
(g,h)
= −J
(g,h)
, J
(g,h)
◦ H = J
(g,h)
,
H ◦ J
(g,h)
= 0, J
(g,h)
◦ V = 0, V ◦ J
(g,h)
= J
(g,h)
.
3 Distinguished linear (ρ, η)-connections
Let
(
T p,rq,s ((ρ, η)TE, (ρ, η) τE , E) ,+, ·
)
be the F (E)-module of tensor fields by(
p,r
q,s
)
-type from the generalized tangent bundle
(H (ρ, η)TE, ρτE , E)⊕ ((ρ, η)V ρTE, ρτE, E) .
An arbitrary tensor field T is written as
T = T
a1...apd1...dr
b1...bqe1...es
δ˜a1 ⊗ ...⊗ δ˜ap ⊗ dx˜
b1 ⊗ ...⊗ dx˜bq⊗
˙˜
∂d1 ⊗ ...⊗
˙˜
∂dr ⊗ δy˜
e1 ⊗ ...⊗ δy˜es .
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Let (T ((ρ, η)TE, (ρ, η) τE , E) ,+, ·,⊗) be the tensor fields algebra of gener-
alized tangent bundle ((ρ, η)ρTE, (ρ, η)ρτE , E). Moreover, let (E, π,M) be a
vector bundle endowed with a (ρ, η)-connection (ρ, η) Γ and
(X,T )
(ρ,η)D
−−−−→ (ρ, η)DXT,
be a covariant (ρ, η)-derivative for the tensor algebra
(T ((ρ, η)TE, (ρ, η) τE , E) ,+, ·,⊗) ,
of the generalized tangent bundle ((ρ, η)TE, (ρ, η) τE , E) , which preserves the
horizontal and vertical interior differential systems by parallelism. The real local
functions (
(ρ, η)Habc, (ρ, η) H˜
a
bc, (ρ, η)V
a
bc, (ρ, η) V˜
a
bc
)
,
defined by the equalities
(ρ, η)Dδ˜c δ˜b = (ρ, η)H
a
bcδ˜a, (ρ, η)Dδ˜c
˙˜
∂b = (ρ, η) H˜
a
bc
˙˜
∂a
(ρ, η)D ˙˜
∂c
δ˜b = (ρ, η)V
a
bcδ˜a, (ρ, η)D ˙˜∂c
˙˜
∂b = (ρ, η) V˜
a
bc
˙˜
∂a,
are the components of a linear (ρ, η)-connection ((ρ, η)H, (ρ, η) V ) for the gen-
eralized tangent bundle ((ρ, η)TE, (ρ, η) τE , E) which will be called the distin-
guished linear (ρ, η)-connection.
Remark 3.1. The distinguished linear (IdTM , IdM )-connection is the classi-
cal distinguished linear connection. The components of a distinguished linear
connection (H,V ) will be denoted by (Hijk, H˜
i
jk, V
i
jk, V˜
i
jk).
Theorem 3.2. If the generalized tangent bundle ((ρ, η)TE,(ρ, η) τE ,E) is en-
dowed with a distinguished linear (ρ, η)-connection ((ρ, η)H, (ρ, η)V ), then for
any
X = Xaδ˜a +
˙˜
Xa
˙˜
∂a ∈ Γ((ρ, η)TE,(ρ, η) τE ,E),
and for any
T ∈ T prqs ((ρ, η)TE,(ρ, η) τE ,E),
we have
(ρ, η)DX
(
T
a1···apd1···dr
b1...bqe1···es
δ˜a1 ⊗ · · · ⊗ δ˜ap ⊗ dx˜
b1 ⊗ · · · ⊗
⊗dx˜bq ⊗ ˙˜∂d1 ⊗ · · · ⊗
˙˜
∂dr ⊗ δy˜
e1 ⊗ · · · ⊗ δy˜es
)
=
= XcT
a1···apd1···dr
b1···bqe1···es|c
δ˜a1 ⊗ · · · ⊗ δ˜ap ⊗ dx˜
b1 ⊗ · · · ⊗ dx˜bq ⊗ ˙˜∂d1 ⊗ · · · ⊗
⊗ ˙˜∂dr ⊗ δy˜
e1 ⊗ · · · ⊗ δy˜es + ˙˜XcT
a1···apd1···dr
b1···bqe1···es
|c δ˜a1 ⊗ · · · ⊗
⊗δ˜ap ⊗ dx˜
b1 ⊗ · · · ⊗ dx˜bq ⊗ ˙˜∂d1 ⊗ · · · ⊗
˙˜
∂dr ⊗ δy˜
e1 ⊗ · · · ⊗ δy˜es ,
(32)
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where
T
a1···apd1···dr
b1···bqe1···es|c
= Γ (ρ˜, IdE) (δ˜c)T
a1···apd1···dr
b1···bqe1···es
+(ρ, η)Ha1acT
aa2···apd1···dr
b1···bqe1···es
+ · · ·+ (ρ, η)H
ap
ac T
a1···ap−1ad1···dr
b1···bqe1···es
− (ρ, η)Hbb1cT
a1···apd1···dr
bb2···bqe1···es
− · · · − (ρ, η)HbbqcT
a1···apd1···dr
b1···bq−1be1···es
+(ρ, η) H˜d1dcT
a1···apdd2···dr
b1···bqe1···es
+ · · ·+ (ρ, η) H˜drdcT
a1···apd1···dr−1d
b1···bqe1···es
− (ρ, η) H˜ee1cT
a1···apd1···dr
b1···bqee2ves
− · · · − (ρ, η) H˜eescT
a1···apd1···dr
b1···bqe1···es−1e
,
and
T
a1···apd1···dr
b1···bqe1···es
|c= Γ (ρ˜, IdE) (
˙˜
∂c)T
a1···apd1···dr
b1···bqe1···es
+(ρ, η)V a1ac T
aa2···apd1···dr
b1···bqe1···es
+ · · ·+ (ρ, η) ρV
ap
ac T
a1···ap−1ad1···dr
b1···bqe1···es
− (ρ, η)V bb1cT
a1···apd1···dr
bb2···bqe1···es
− · · · − (ρ, η)V bbqcT
a1···apd1···dr
b1···bq−1be1···es
+(ρ, η) V˜ d1dc T
a1···apdd2···dr
b1···bqe1···es
+ · · ·+ (ρ, η) V˜ drdc T
a1···apd1···dr−1d
b1···bqe1···es
− (ρ, η) V˜ ee1cT
a1···apd1···dr
b1···bqee2···es
− · · · − (ρ, η) V˜ eescT
a1···apd1···dr
b1···bqe1···es−1e
.
Definition 3.3. If (ρ, η) Γ is a (ρ, η)-connection for the vector bundle (E, π,M)
and
((ρ, η)Habc, (ρ, η) H˜
a
bc, (ρ, η)V
a
bc, (ρ, η) V˜
a
bc),
are the components of a distinguished linear (ρ, η)-connection for the generalized
tangent bundle ((ρ, η)TE, (ρ, η) τE , E) such that
(ρ, η)Habc = (ρ, η) H˜
a
bc and (ρ, η)V
a
bc = (ρ, η) V˜
a
bc,
then we will say that the generalized tangent bundle ((ρ, η)TE, (ρ, η) τE ,E) is
endowed with a normal distinguished linear (ρ, η)-connection ((ρ, η)H, (ρ, η)V )
with components ((ρ, η)Habc, (ρ, η)V
a
bc).
Example 3.4. The local real functions
(
∂(ρ,η)Γac
∂yb
,
∂(ρ,η)Γac
∂yb
, 0, 0),
are the components of a normal distinguished linear ρ-connection for the gener-
alized tangent bundle ((ρ, η)TE, (ρ, η) τE , E) , which will be called the Berwald
linear (ρ, η)-connection.
It is remarkable that the Berwald linear (IdTM , IdM )-connection is the usual
Berwald linear connection.
3.1 The (ρ, η)-torsion and the (ρ, η)-curvature of a distin-
guished linear (ρ, η)-connection
We consider the generalized Lie algebroid ((E, π,M) , [, ]E,h , (ρ, η)) and we let
(ρ, η) Γ be a (ρ, η)-connection for the vector bundle (E, π,M) and ((ρ, η)H, (ρ, η)V )
be a distinguished linear (ρ, η)-connection for the generalized tangent bundle
((ρ, η)TE , (ρ, η)τE , E).
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Definition 3.5. Application
Γ ((ρ, η) TE, (ρ, η) τE , E)
2 (ρ,η,h)T
−−−−−→ Γ ((ρ, η)TE, (ρ, η) τE , E)
(X,Y ) 7−→ (ρ, η, h)T (X,Y ) ,
defined by
(ρ, η, h)T (X,Y ) = (ρ, η)DXY − (ρ, η)DYX − [X,Y ](ρ,η)TE , (33)
for anyX,Y ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) , is called the (ρ, η, h)-torsion associated
to the distinguished linear (ρ, η)-connection ((ρ, η)H, (ρ, η)V ) .
Applications
H (ρ, η, h)T (H (·) ,H (·)) , V (ρ, η, h)T (H (·) ,H (·)) , ...,V (ρ, η, h)T (V (·) ,V (·)) ,
are called H (HH) , V (HH) , ...,V (VV) (ρ, η, h)-torsions associated to the dis-
tinguished linear (ρ, η)-connection ((ρ, η)H, (ρ, η)V ) .
Using the notations
H (ρ, η, h)T(δ˜c, δ˜b) = (ρ, η, h)Tabcδ˜a,
V (ρ, η, h)T(δ˜γ , δ˜β) = (ρ, η, h) T˜abc
˙˜
∂a,
H (ρ, η, h)T( ˙˜∂c, δ˜b) = (ρ, η, h)Pabcδ˜a,
V (ρ, η, h)T( ˙˜∂c, δ˜b) = (ρ, η, h) P˜abc
˙˜
∂a,
V (ρ, η, h)T( ˙˜∂c,
˙˜
∂b) = (ρ, η, h)S
a
bc
˙˜
∂a,
(34)
one can deduce that the (ρ, η, h)-torsion (ρ, η, h)T associated to the distin-
guished linear (ρ, η) -connection ((ρ, η)H, (ρ, η)V ) is characterized by the tensor
fields with the local components
(ρ, η, h)Tabc = (ρ, η)H
a
bc − (ρ, η)H
a
cb − L
a
bc ◦ h ◦ π,
(ρ, η, h) T˜abc = (ρ, η, h)R
a
bc,
(ρ, η, h)Pabc = (ρ, η)V
a
bc,
(ρ, η, h) P˜aβc =
∂
∂yc
((ρ, η) Γab )− (ρ, η) H˜
a
cb,
(ρ, η, h)Sabc = (ρ, η) V˜
a
bc − (ρ, η) V˜
a
cb.
(35)
Definition 3.6. The application
(Γ ((ρ, η)TE, (ρ, η) τE , E))
3 (ρ,η,h)R
−−−−−−−→ Γ ((ρ, η)TE, (ρ, η) τE , E)
((Y, Z) , X) 7−→ (ρ, η, h)R (Y, Z)X,
by the rule
(ρ, η, h)R (Y, Z)X = (ρ, η)DY ((ρ, η)DZX)
− (ρ, η)DZ ((ρ, η)DYX)− (ρ, η)D[Y,Z](ρ,η)TEX,
(36)
for any X,Y, Z ∈ Γ ((ρ, η)TE, (ρ, η) τE , E), is called the (ρ, η, h)-curvature as-
sociated to the distinguished linear (ρ, η)-connection ((ρ, η)H, (ρ, η) V ) .
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Using the notations
(ρ, η, h)R(δ˜d, δ˜c)δ˜b = (ρ, η, h)R
a
b cdδ˜a,
(ρ, η, h)R(δ˜d, δ˜c)
˙˜
∂b = (ρ, η, h) R˜
a
b cd
˙˜
∂a,
(ρ, η, h)R(
˙˜
∂d, δ˜c)δ˜b = (ρ, η, h)P
a
b cdδ˜a,
(ρ, η, h)R(
˙˜
∂d, δ˜c)
˙˜
∂b = (ρ, η, h) P˜
a
b cd
˙˜
∂a,
(ρ, η, h)R(
˙˜
∂d,
˙˜
∂c)δ˜b = (ρ, η, h)S
a
b cdδ˜a,
(ρ, η, h)R(
˙˜
∂d,
˙˜
∂c)
˙˜
∂b = (ρ, η, h) S˜
a
b cd
˙˜
∂a,
(37)
the following will be yield easily.
Theorem 3.7. The (ρ, η, h)-curvature (ρ, η, h)R associated to the distinguished
linear (ρ, η) -connection ((ρ, η)H, (ρ, η)V ) is characterized by the tensor fields
with local components

(ρ, η, h)Rab cd =Γ(ρ˜, IdE)(˜δd)(ρ, η)H
a
bc−Γ(ρ˜, IdE)(˜δc)(ρ, η)H
a
bd
+(ρ, η)Haed(ρ, η)H
e
bc−(ρ, η)H
a
ec(ρ, η)H
e
bd
−(ρ, η, h)Re cd(ρ, η)H
a
be−L
e
cd ◦ h ◦ π(ρ, η)H
a
βe,
(ρ, η, h)R˜ab cd =Γ(ρ˜, IdE)(˜δd)(ρ, η)H˜
a
bc−Γ(ρ˜, IdE)(˜δc)(ρ, η)H˜
a
bd
+(ρ, η)H˜aed(ρ, η)H˜
e
bc−(ρ, η)H˜
a
ec(ρ, η)H˜
e
bd
−(ρ, η, h)Redc(ρ, η)V˜
a
be−L
e
cd ◦ h ◦ π(ρ, η)V˜
a
be,
(38)


(ρ, η, h)Pab cd = Γ(ρ˜, IdE)(
˙˜
∂d)(ρ, η)H
a
bc−Γ(ρ˜, IdE)(˜δc)(ρ, η)V
a
bd
=(ρ, η)V aed(ρ, η)H
e
bc − (ρ, η)H
a
ec(ρ, η)V
e
bd
+
∂
∂yc
((ρ, η) Γec) (ρ, η)V
a
be,
(ρ, η, h)P˜ab cd = Γ(ρ˜, IdE)(
˙˜
∂d)(ρ, η)H˜
a
bc−
−Γ(ρ˜, IdE)(˜δc)(ρ, η)V˜ abd + (ρ, η)V˜
a
ed(ρ, η)H˜
e
bc−
−(ρ, η)H˜aec(ρ, η)V˜
e
bd +
∂
∂yd
((ρ, η)Γec) (ρ, η)V˜
a
be,
(39)


(ρ, η, h)Sab cd = Γ (ρ˜, IdE) (
˙˜
∂d) (ρ, η)V
a
bc
−Γ (ρ˜, IdE) (
˙˜
∂c) (ρ, η)V
a
bd + (ρ, η) V
a
ed (ρ, η)V
e
bc
− (ρ, η) V eec (ρ, η) V
e
bd,
(ρ, η, h) S˜ab cd = Γ (ρ˜, IdE) (
˙˜
∂d) (ρ, η) V˜
a
bc
−Γ (ρ˜, IdE) (
˙˜
∂c) (ρ, η) V˜
a
bd + (ρ, η) V˜
a
ed (ρ, η) V˜
e
bc
− (ρ, η) V˜ aec (ρ, η) V˜
e
bd.
(40)
Definition 3.8. Using the mixed components of (ρ, η, h)-curvature, we define
the mixed curvature
Γ ((ρ, η)TE, (ρ, η) τE , E)
3
P−−−−→ ((ρ, η) TE, (ρ, η) τE , E)
(X,Y, Z) 7−→ P (X,Y )Z := R (VX,HY )Z.
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Note that if X = Xaδ˜a +
˙˜
Xa
˙˜
∂a, Y = Y
aδ˜a +
˙˜
Y a
˙˜
∂a and Z = Z
aδ˜a +
˙˜
Za
˙˜
∂a,
then
P (X,Y )Z = ˙˜XdY cZa (ρ, η, h)Pab cdδ˜a +
˙˜
XdY c
˙˜
Za (ρ, η, h) P˜ab cd
˙˜
∂a.
3.2 Formulas of Ricci type, identities of Cartan and Bianchi
type
We consider the generalized Lie algebroid ((E, π,M) , [, ]E,h , (ρ, η)).
Theorem 3.9. Let (ρ, η) Γ be a (ρ, η)-connection for the vector bundle (E, π,M)
and ((ρ, η)H, (ρ, η)V ) a distinguished linear (ρ, η)-connection for the generalized
tangent bundle ((ρ, η)TE, (ρ, η) τE , E). Then


(ρ, η)DHX (ρ, η)DHYHZ − (ρ, η)DHY (ρ, η)DHXHZ
= (ρ, η, h)R (HX,HY )HZ + (ρ, η)DH[HX,HY ](ρ,η)TEHZ
+(ρ, η)DV[HX,HY ](ρ,η)TEHZ,
(ρ, η)DVX (ρ, η)DHYHZ − (ρ, η)DHY (ρ, η)DVXHZ
= (ρ, η, h)R (VX,HY )HZ + (ρ, η)DH[VX,HY ](ρ,η)TEHZ
+(ρ, η)DV[VX,HY ](ρ,η)TEHZ,
(ρ, η)DVX (ρ, η)DVYHZ − (ρ, η)DVY (ρ, η)DVXHZ
= (ρ, η, h)R (VX,VY )HZ + (ρ, η)DV[VX,VY ](ρ,η)TEHZ,
(41)
and


(ρ, η)DHX (ρ, η)DHY VZ − (ρ, η)DHY (ρ, η)DHXVZ
= (ρ, η, h)R (HX,HY )VZ + (ρ, η)DH[HX,HY ](ρ,η)TEVZ
+(ρ, η)DV[HX,HY ](ρ,η)TEVZ,
(ρ, η)DVX (ρ, η)DHY VZ − (ρ, η)DHY (ρ, η)DVXVZ
= (ρ, η, h)R (VX,HY )VZ + (ρ, η)Dh[VX,HY ](ρ,η)TEVZ
+(ρ, η)DV[VX,HY ](ρ,η)TEVZ,
(ρ, η)DVX (ρ, η)DVY VZ − (ρ, η)DVY (ρ, η)DVXVZ
= (ρ, η, h)R (VX,VY )VZ + (ρ, η)DV[VX,VY ](ρ,η)TEVZ.
(42)
Proof. Using the definition of (ρ, η, h)-curvature associated to the distinguished
linear (ρ, η)-connection ((ρ, η)H, (ρ, η)V ), results the assertion.
Using Theorem (3.9), the horizontal and vertical sections of adapted base
and an arbitrary section
Y aδ˜a +
˙˜
Y a
˙˜
∂a ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) ,
arise to the following Theorem.
Theorem 3.10. The formulas of Ricci type


Y a|c|b − Y
a
|b|c = (ρ, η, h)R
a
e cbY
e + (Lebc ◦ h ◦ π)Y
a
|e
+(ρ, η, h) T˜ebcY
a|e + (ρ, η, h)TebcY
α
|e,
Y a|c|b − Y
a|b|c = (ρ, η, h)P
a
e cbY
e − (ρ, η, h) P˜ecbY
a|e
− (ρ, η)HebcY
a|e,
Y a|c|b − Y a|b|c = (ρ, η, h)Sae cbY
e + (ρ, η, h)SebcY
a|e,
(43)
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and


˙˜
Y a|c|b −
˙˜
Y a|b|c = (ρ, η, h) R˜
a
e cb
˙˜
Y e + (Lebc ◦ h ◦ π)
˙˜
Y a|e
+(ρ, η) T˜ebc
˙˜
Y a|e + (ρ, η, h)Tebc
˙˜
Y a|e,
˙˜
Y a|γ |b −
˙˜
Y a|b|γ = (ρ, η, h) P˜
a
e cb
˙˜
Y e − (ρ, η, h) P˜ecb
˙˜
Y a|e
− (ρ, η) H˜ebc
˙˜
Y a|e,
˙˜
Y a|c|b −
˙˜
Y a|b|c = (ρ, η, h) S˜ae cb
˙˜
Y b + (ρ, η, h)Sebc
˙˜
Y a|e,
(44)
are hold. In particular, if (ρ, η, h) = (IdTM , IdM , idM ) and the Lie bracket
[, ]TM is the usual Lie bracket, then the formulas of Ricci type (43) and (44)
reduce to


Y i |k|j − Y
i
|j|k = R
i
h kjY
h + T˜hjkY
i|h + ThjkY
i
|h,
Y i |k|j − Y
i|j|k = P
i
h kjY
h − P˜hkjY
i|h − H˜
h
jkY
i|h,
Y i|c|b − Y i|b|c = Sih kjY
h + ShjkY
i|h,
(45)
and 

˙˜
Y i |k|j −
˙˜
Y i |j|k = R
i
h kj
˙˜
Y h + T˜hjk
˙˜
Y a|h + Thjk
˙˜
Y a|h,
˙˜
Y i |k|j −
˙˜
Y i|j|k = P˜
i
h kj
˙˜
Y h − Phkj
˙˜
Y i|h −Hhjk
˙˜
Y i|h,
˙˜
Y i|k|j −
˙˜
Y i|j |k = S˜ih kj
˙˜
Y h + Shjk
˙˜
Y i|h.
(46)
Using the 1-forms associated to distinguished linear (ρ, η)-connection ((ρ, η)H,
(ρ, η)V )
(ρ, η)ωab = (ρ, η)H
a
bcdx˜
c + (ρ, η) V abcδy˜
c,
(ρ, η) ω˜ab = (ρ, η) H˜
a
bcdx˜
c + (ρ, η) V˜ abcδy˜
c,
(47)
the torsion 2-forms


(ρ, η, h)Ta =
1
2
(ρ, η, h)Tabcdx˜
b ∧ dx˜c + (ρ, η, h)Pabcdx˜
b ∧ δy˜c,
(ρ, η, h) T˜a =
1
2
(ρ, η, h) T˜abcdx˜
b ∧ dx˜c + (ρ, η, h) P˜abcdx˜
b ∧ δy˜c
+
1
2
(ρ, η, h)Sabcδy˜
b ∧ δy˜c,
(48)
and the curvature 2-forms


(ρ, η, h)Rab =
1
2
(ρ, η, h)Rab cddx˜
c ∧ dx˜d + (ρ, η, h)Pab cddx˜
c ∧ δy˜d
+
1
2
(ρ, η, h)Sab cdδy˜
c ∧ δy˜d,
(ρ, η, h)Rab =
1
2
(ρ, η, h) R˜ab cddx˜
c ∧ dx˜d + (ρ, η, h) P˜ab cddx˜
c ∧ δy˜d
+
1
2
(ρ, η, h) S˜ab cdδy˜
c ∧ δy˜d,
(49)
The following will be obtained.
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Theorem 3.11. The identities of Cartan type
(ρ, η, h)Ta = d(ρ,η)TE (dx˜a) + (ρ, η)ωab ∧ dx˜
b,
(ρ, η, h) T˜a = d(ρ,η)TE (δy˜a) + (ρ, η) ω˜ab ∧ δy˜
b,
(50)
and
(ρ, η, h)Rab = d
(ρ,η)TE ((ρ, η)ωab ) + (ρ, η)ω
a
c ∧ (ρ, η)ω
c
b ,
(ρ, η, h) R˜ab = d
(ρ,η)TE ((ρ, η) ω˜ab ) + (ρ, η) ω˜
a
c ∧ (ρ, η) ω˜
c
b ,
(51)
are true.
Remark 3.12. For any X,Y, Z ∈ Γ ((ρ, η)TE, (ρ, η) τE , E), the identities
V (ρ, η, h)R (X,Y )HZ = 0,
H (ρ, η, h)R (X,Y )VZ = 0,
(52)
VDX ((ρ, η, h)R (Y, Z)HU) = 0,
HDX ((ρ, η, h)R (Y, Z)VU) = 0,
(53)
and
(ρ, η, h)R(X,Y )Z = H(ρ, η, h)R(X,Y )HZ + V(ρ, η, h)R(X,Y )VZ, (54)
are hold.
Using the formulas of Bianchi type from Theorem (3.11) and Remark (3.12),
the following will be resulted.
Theorem 3.13. The identities of Bianchi type


∑
cyclic(X,Y,Z)
{H (ρ, η)DX ((ρ, η, h)T (Y, Z))−H (ρ, η, h)R (X,Y )Z
+H (ρ, η, h)T (H (ρ, η, h)T (X,Y ) , Z)
+H (ρ, η, h)T (V (ρ, η, h)T (X,Y ) , Z)} = 0,
∑
cyclic(X,Y,Z)
{V (ρ, η)DX ((ρ, η, h)T (Y, Z))− V (ρ, η, h)R (X,Y )Z
+V (ρ, η, h)T (H (ρ, η, h)T (X,Y ) , Z)
+V (ρ, η, h)T (V (ρ, η, h)T (X,Y ) , Z)} = 0,
(55)
and 

∑
cyclic(X,Y,Z,U)
{H (ρ, η)DX ((ρ, η, h)R (Y, Z)U)
−H (ρ, η, h)R (H (ρ, η, h)T (X,Y ) , Z)U
−H (ρ, η, h)R (V (ρ, η, h)T (X,Y ) , Z)U} = 0,
∑
cyclic(X,Y,Z,U)
{V (ρ, η)DX ((ρ, η, h)R (Y, Z)U)
−V (ρ, η, h)R (H (ρ, η, h)T (X,Y ) , Z)U
−V (ρ, η, h)R (V (ρ, η, h)T (X,Y ) , Z)U} = 0,
(56)
for any X,Y, Z ∈ Γ ((ρ, η) TE, (ρ, η) τE , E) are hold.
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Corollary 3.14. Using the sections (δθ, δγ , δβ), the identities (55) become


∑
cyclic(β,γ,θ)
{
(ρ, η, h)Ta bc|d − (ρ, η, h)R
a
b cd
+(ρ, η, h)Tecd (ρ, η, h)T
a
be + (ρ, η, h) T˜
e
cd (ρ, η, h) T˜
a
be
}
= 0,
∑
cyclic(β,γ,θ)
{
(ρ, η, h)Ta bc|d + (ρ, η, h)T
e
cd (ρ, η, h) P˜
a
be
+(ρ, η, h) T˜ecd (ρ, η, h) P˜
a
be
}
= 0,
(57)
and using the sections (δλ, δθ, δγ , δβ), the identities (56) become


∑
cyclic(β,γ,θ,λ)
{
(ρ, η, h)Ra bcd|e − (ρ, η, h)T
l
de (ρ, η, h)R
a
b cl
− (ρ, η, h) T˜l de (ρ, η, h)P
a
b cl
}
= 0,
∑
cyclic(β,γ,θ,λ)
{
(ρ, η, h) R˜a b cd|e − (ρ, η, h)T
l
de (ρ, η, h) R˜
a
b cl
− (ρ, η, h)Tl de (ρ, η, h)P
a
b cl
}
= 0.
(58)
Using another base of sections, we shall obtain new identities of Bianchi type
necessary in the applications.
4 Geodesics for mechanical (ρ, η)-systems
In this section we present some aspects about the geometry of a mechanical
(ρ, η)-system ((E, π,M) , Fe, (ρ, η) Γ) , where
Fe = F
a ˙˜∂a ∈ Γ (V ((ρ, η)TE, (ρ, η) τE , E)) , (59)
is an external force and (ρ, η) Γ is a (ρ, η)-connection for the vector bundle
(E, π,M).
Definition 4.1. For any section u = uasa, we build the canonical section
U = Uaδ˜a + U
a ˙˜∂a ∈ Γ ((ρ, η)TE, (ρ, η) τE , E) such that Ua (ux) = ya, for any
a = 1, · · · , r, where (x1, · · · , xm, y1, · · · , yr) are the components of the point ux
in a vector local m + r-chart (V, sV ). The vertical section C = U
a ˙˜∂a will be
called the Liouville section. Moreover, a section S ∈ Γ ((ρ, η)TE, (ρ, η) τE , E)
will be called (ρ, η)-semispray if there exists an almost tangent structure e such
that e (S) = C.
Remark 4.2. Using the above definition it is easy to see that ∂iU
b = 0 and
∂˙aU
b = δba.
Example 4.3. Let g be a manifolds morphism on E such that (g, h) is a locally
invertible vector bundles morphism on (E, π,M). Using the almost tangent
structure J(g,h), the section
S = (gab ◦ h ◦ π)U
b∂˜a − 2
(
Ga − 14F
a
) ˙˜
∂a,
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is a (ρ, η)-semispray such that the real local functions Ga, a ∈ 1, · · · , n, satisfy
the condition
(ρ, η)Γac = (g˜
b
c ◦ h ◦ π)∂˙b(G
a − 14F
a)
− 12 (g
d
e ◦ h ◦ π)U
e(Lfdc ◦ h ◦ π)(g˜
a
f ◦ h ◦ π)
+ 12 (ρ
j
c ◦ h ◦ π)∂j(g
b
e ◦ h ◦ π)U
e(g˜ab ◦ h ◦ π)
− 12 (g
b
e ◦ h ◦ π)U
e(ρib ◦ h ◦ π)∂i(g˜
a
c ◦ h ◦ π).
The (ρ, η)-semispray S will be called the canonical (ρ, η)-semispray associated
to the mechanical (ρ, η)-system ((E, π,M) , Fe, (ρ, η) Γ) and locally invertible
vector bundles morphism (g, h) (see [4]).
Definition 4.4. Let c : I → M be a differentiable curve and c˙ be its (g, h)-
lift. If dc˙(t)
dt
= Γ(ρ˜, IdE)S(c˙(t)), then the curve c˙ is an integral curve of the
(ρ, η)-semispray S of the mechanical (ρ, η)-system ((E, π,M) , Fe, (ρ, η) Γ).
Theorem 4.5. All of the (g, h)-lifts solutions of the equations
dya(t)
dt
+ 2Ga◦ u (c, c˙) (η ◦ h ◦ c (t))=12F
a◦ u (c, c˙) (η ◦ h ◦ c (t)), a∈1, · · · , r,
are integral curves of the canonical (ρ, η)-semispray associated to mechanical
(ρ, η)-system ((E, π,M) , Fe, (ρ, η) Γ) and locally invertible vector bundles mor-
phism (g, h) .
Definition 4.6. If S is a (ρ, η)-semispray, then the section [C, S](ρ,η)TE−S will
be called the derivation of (ρ, η)-semispray S. The (ρ, η)-semispray S will be
called (ρ, η)-spray if S ◦ 0 is differentiable of class C1 where 0 is the null section,
and its derivation is the null section.
Lemma 4.7. If S is the canonical (ρ, η)-semispray associated to the mechan-
ical (ρ, η)-system ((E, π,M) , Fe, (ρ, η) Γ) and locally invertible vector bundles
morphism (g, h), then S is (ρ, η)-spray if and only if
U b∂˙b(G
a −
1
4
F a) = 2(Ga −
1
4
F a). (60)
Proof. Using the locally expressions of C and S and considering ∂˜aU
b = 0 and
˙˜
∂aU
b = δba, yield
[C, S](ρ,η)TE − S = [U
b∂˙b, (g
a
c ◦ h ◦ π)U
c∂˜a − 2(G
a −
1
4
F a)
˙˜
∂a](ρ,η)TE
− (gac ◦ h ◦ π)U
c∂˜a + 2(G
a −
1
4
F a) ˙˜∂a
= (gab ◦ h ◦ π)U
b∂˜a − 2U
b ˙˜∂b(G
a −
1
4
F a) ˙˜∂a + 2(G
a −
1
4
F a) ˙˜∂a
− (gac ◦ h ◦ π)U
c∂˜a + 2(G
a −
1
4
F a) ˙˜∂a
= 2
(
2(Ga −
1
4
F a)− U b ˙˜∂b(G
a −
1
4
F a)
)
˙˜
∂a,
completing the proof.
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Theorem 4.8. If S is the canonical (ρ, η)-spray associated to the mechanical
(ρ, η)-system ((E, π,M) , Fe, (ρ, η) Γ) and locally invertible vector bundles mor-
phism (g, h), then
2
(
Ga − 14F
a
)
= (ρ, η) Γac (g
c
f ◦ h ◦ π)U
f
+ 12 (g
d
e ◦ h ◦ π)U
e(Lbdc ◦ h ◦ π)(g˜
a
b ◦ h ◦ π)(g
c
f ◦ h ◦ π)U
f
− 12 (ρ
j
c ◦ h ◦ π)∂j(g
b
e ◦ h ◦ π)U
e(g˜ab ◦ h ◦ π)(g
c
f ◦ h ◦ π)U
f
+ 12 (g
b
e ◦ h ◦ π)U
e(ρib ◦ h ◦ π)∂i(g˜
a
c ◦ h ◦ π)(g
c
f ◦ h ◦ π)U
f .
The spray in Theorem (4.8) will be called the canonical (ρ, η)-spray as-
sociated to the mechanical (ρ, η)-system ((E, π,M) , Fe, vΓ) and from locally
invertible vector bundles morphism (g, h).
Remark 4.9. If (ρ, η) = (IdTM , IdM ) and (g, h) = (IdTM , IdM ) , then we get
the canonical spray associated to the connection Γ which is similar with the
classical canonical spray associated to the connection Γ.
Theorem 4.10. All of the (g, h)-lifts solutions of the system of equations
dya
dt
+ (ρ, η) Γac (g
c
f ◦ h ◦ π)U
f
+
1
2
(gde ◦ h ◦ π)U
e(Lbdc ◦ h ◦ π)(g˜
a
b ◦ h ◦ π)(g
c
f ◦ h ◦ π)U
f
−
1
2
(ρjc ◦ h ◦ π)∂j(g
b
e ◦ h ◦ π)U
e(g˜ab ◦ h ◦ π)(g
c
f ◦ h ◦ π)U
f
+
1
2
(gbe ◦ h ◦ π)U
e(ρib ◦ h ◦ π)∂i(g˜
a
c ◦ h ◦ π)(g
c
f ◦ h ◦ π)U
f = 0,
are the integral curves of the canonical (ρ, η)-spray associated to the mechan-
ical (ρ, η)-system ((E, π,M) , Fe, (ρ, η) Γ) and locally invertible vector bundles
morphism (g, h) .
Definition 4.11. If c : I → M is a differentiable curve such that its (g, h)-
lift c˙ is integral curve for the (ρ, η)-spray S of the mechanical (ρ, η)-system
((E, π,M) , Fe, (ρ, η) Γ), then the curve c will be called the geodesic for the
mechanical (ρ, η)-system ((E, π,M) , Fe, (ρ, η) Γ) with respect to S.
Using (22), Theorem 4.5 and the above definition we deduce that the curve
c : I →M is geodesic, if for i ∈ {1, · · · ,m}, a, b ∈ {1, · · · , r},


ρib(η ◦ h ◦ c(t))g
b
a(h ◦ c(t))y
a(t) = d(η◦h◦c)
i(t)
dt
,
dya
dt
+ 2(Ga − 14F
a)(c˙(t)) = 0.
(61)
5 Projectively related and Weyl type theorems
Let (ρ, η)∇ be the Berwald covariant (ρ, η)-derivative. Then using (32) for any
X = Xaδ˜a+
˙˜
Xa
˙˜
∂a ∈ Γ((ρ, η) TE,(ρ, η) τE ,E) and T ∈ T prqs ((ρ, η)TE,(ρ, η) τE ,E)
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we have
(ρ, η)∇X
(
T
a1···apd1···dr
b1···bqe1···es
δ˜a1 ⊗ · · · ⊗ δ˜ap ⊗ dx˜
b1 ⊗ · · ·⊗
⊗dx˜bq ⊗ ˙˜∂d1 ⊗ · · · ⊗
˙˜
∂dr ⊗ δy˜
e1 ⊗ · · · ⊗ δy˜es
)
=
= XcT
a1···apd1···dr
b1···bqe1···es|c
δ˜a1 ⊗ · · · ⊗ δ˜ap ⊗ dx˜
b1 ⊗ · · · ⊗ dx˜bq ⊗ ˙˜∂d1 ⊗ · · · ⊗
⊗ ˙˜∂dr ⊗ δy˜
e1 ⊗ · · · ⊗ δy˜es + ˙˜XcT
a1···apd1···dr
b1···bqe1···es
|c δ˜a1 ⊗ · · · ⊗
⊗δ˜ap ⊗ dx˜
b1 ⊗ · · · ⊗ dx˜bq ⊗ ˙˜∂d1 ⊗ · · · ⊗
˙˜
∂dr ⊗ δy˜
e1 ⊗ · · · ⊗ δy˜es ,
where
T
a1···apd1···dr
b1···bqe1···es|c
= Γ (ρ˜, IdE)
(
δ˜c
)
T
a1···apd1···dr
b1···bqe1···es
+∂˙a (ρ, η) Γ
a1
c T
aa2···apd1···dr
b1···bqe1···es
+ · · ·+ ∂˙a (ρ, η) Γ
ap
c T
a1···ap−1ad1···dr
b1···bqe1···es
−∂˙b1 (ρ, η) Γ
b
cT
a1···apd1···dr
bb2···bqe1···es
− · · · − ∂˙bq (ρ, η) Γ
b
cT
a1···apd1···dr
b1···bq−1be1···es
+∂˙d (ρ, η) Γ
d1
c T
a1···apdd2···dr
b1···bqe1···es
+ · · ·+ ∂˙d (ρ, η) Γ
dr
c (ρ, η)T
a1···apd1···dr−1d
b1···bqe1···es
−∂˙e1 (ρ, η) Γ
e
cT
a1···apd1···dr
b1···bqee2···es
− · · · − ∂˙es (ρ, η) Γ
e
cT
a1···apd1···dr
b1···bqe1···es−1e
,
and
T
a1···apd1···dr
b1···bqe1···es
|c= Γ (ρ˜, IdE)
(
˙˜
∂c
)
T
a1···apd1···dr
b1···bqe1···es
.
Now we define the v-covariant (ρ, η)-derivative (ρ, η)∇vX as
(ρ, η)∇vXf := Γ (ρ˜, IdE) (VX)f = X˜
a∂˙a (f) ,
and
(ρ, η)∇vX
(
T
a1···apd1···dr
b1···bqe1···es
δ˜a1 ⊗ · · · ⊗ δ˜ap ⊗ dx˜
b1 ⊗ · · · ⊗
⊗dx˜bq ⊗ ˙˜∂d1 ⊗ · · · ⊗
˙˜
∂dr ⊗ δy˜
e1 ⊗ · · · ⊗ δy˜es
)
=
˙˜
XcT
a1···apd1···dr
b1···bqe1···es
|c δ˜a1 ⊗ · · · ⊗ δ˜ap ⊗ dx˜
b1 ⊗ · · · ⊗ dx˜bq
⊗ ˙˜∂d1 ⊗ · · · ⊗
˙˜
∂dr ⊗ δy˜
e1 ⊗ · · · ⊗ δy˜es ,
where f ∈ F(E).
Definition 5.1. Hessian of a smooth function f on E is a
(
0,0
0,2
)
-tensor on
((ρ, η)TE, (ρ, η)τE , E) defined by
Hess(f) = (∂˙a∂˙bf)δy˜
a ⊗ δy˜b.
Definition 5.2. Function f ∈ F(E) is called homogeneous of degree one or
1-homogeneous, if (ρ, η)∇vUf = f .
Since VU = C, then (ρ, η)∇vUf = Γ (ρ˜, IdE) (C)f = U
a∂˙af . Thus the 1-
homogeneity of F is equivalent to the condition
Ua∂˙af = f. (62)
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Lemma 5.3. Let f ∈ F(E) be 1-homogeneous. Then the following is hold.
(ρ, η)∇vU (Hessf) = −Hessf.
Proof. Using the definition of the Hessian, leads to
(ρ, η)∇vU (Hessf) = U
c(∂˙a∂˙bf) |c δy˜
a ⊗ δy˜b = U c(∂˙c∂˙a∂˙bf)δy˜
a ⊗ δy˜b.
Since f is 1-homogeneous and ∂˙b(U
a) = δab , then using (62) get U
c∂˙c∂˙a∂˙bf =
−∂˙a∂˙bf . Using preceding result, the proof is concluded.
Definition 5.4. A horizontal projectorH is said homogeneous, if (ρ, η)∇HXU =
0, where (ρ, η)∇ denotes the Berwald derivative and X is arbitrary in
Γ((ρ, η)TE, (ρ, η)τE , E).
Lemma 5.5. A horizontal projector H is homogeneous if and only if
U c∂˙c((ρ, η)Γ
b
a) = (ρ, η)Γ
b
a. (63)
Proof. Since H is homogeneous, then ∇HXU = 0. Setting X =
˙˜
δa and the
locally expression of U in this equation yields
(ρia ◦ h ◦ π)∂iU
b − (ρ, η)Γca∂˙cU
b + U c∂˙c((ρ, η)Γ
b
a) = 0.
Since ∂iU
b = 0 and ∂˙cU
b = δbc, then the above equation reduces to
− (ρ, η)Γba + U
c∂˙c((ρ, η)Γ
b
a) = 0, (64)
which completes the proof.
Proposition 5.6. Let
◦
P be the mixed curvature of the Berwald derivative. If the
horizontal projector H is homogeneous, then the mixed curvature of the Berwald
derivative induced by H satisfies
◦
P(X,Y )U =
◦
P(U,X)Y = 0, ∀X,Y ∈ Γ((ρ, η)TE, (ρ, η)τE , E),
Proof. Using (39) and the components of the Berwald derivative, yield
◦
P(X,Y )U = ˙˜XdY cU b (ρ, η, h)Pab cdδ˜a +
˙˜
XdY cU b (ρ, η, h) P˜ab cd
˙˜
∂a
= ˙˜XdY cU b (ρ, η, h) Γ(ρ˜, IdE)(
˙˜
∂d)(∂˙b(ρ, η)Γ
a
c )(δ˜a +
˙˜
∂a)
= ˙˜XdY cU b∂˙d∂˙b((ρ, η)Γ
a
c )(δ˜a +
˙˜
∂a).
But (64) obtains U b∂˙d∂˙b((ρ, η)Γ
a
c ) = 0. Therefore the above equation gives
◦
P(X,Y )U = 0. Similarly we can deduce the second equation.
Definition 5.7. The modules endomorphism HS on Γ ((ρ, η)TE, (ρ, η) τE , E)
defined by
HS(X) :=
1
2
(
X + [J(g,h)X,S](ρ,η)TE − J(g,h)[X,S](ρ,η)TE
)
,
is a horizontal projector which is called the horizontal projector associated to
the (ρ, η)-semispray S.
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Using the above definition, we get
HS(
˙˜
∂a) = 0, HS(∂˜a) = ∂˜a +H
b
a
˙˜
∂b,
where
Hba : =
1
2
[U c((gdc g˜
b
eL
e
da) ◦ h ◦ π)− U
c(ρia ◦ h ◦ π)(∂i(g
e
c ◦ h ◦ π))(g˜
b
e ◦ h ◦ π)
− (gcd ◦ h ◦ π)U
d(ρic ◦ h ◦ π)(∂i(g˜
b
a ◦ h ◦ π))
− 2(g˜ca ◦ h ◦ π)∂˙c(G
b −
1
4
F b)]. (65)
Lemma 5.8. If S is a (ρ, η)-spray, then HS is homogenous.
Proof. Using Lemma 5.5, it is sufficient to show that Uf ∂˙fHba = H
b
a. Now (65)
infers
Uf ∂˙fH
b
a : =
1
2
[Uf ((gdf g˜
b
eL
e
da) ◦ h ◦ π)− U
f(ρia ◦ h ◦ π)(∂i(g
e
f ◦ h ◦ π))(g˜
b
e ◦ h ◦ π)
− (gcf ◦ h ◦ π)U
f (ρic ◦ h ◦ π)(∂i(g˜
b
a ◦ h ◦ π))
− 2(g˜ca ◦ h ◦ π)U
f ∂˙f ∂˙c(G
b −
1
4
F b)].
Comparing the above equation with (65), one can see that all the terms of
Uf ∂˙fH
b
a and H
b
a are identical except the last term. But since S is a (ρ, η)-
spray, then using (60) the last term reduces to
Uf ∂˙f ∂˙c(G
b −
1
4
F b) = ∂˙c(G
b −
1
4
F b).
Thus the last terms of Uf ∂˙fHba and H
b
a are identical, too. Therefore U
f ∂˙fHba =
Hba.
Lemma 5.9. If S is a (ρ, η)-spray and (ρ, η)∇ is the Berwald derivative induced
by HS, then (ρ, η)∇SU = 0.
Proof. We have
(ρ, η)∇SU = ρ˜(S)(U
b)(δ˜b +
˙˜
∂b) + U
b
(
(ρ, η)∇S δ˜b + (ρ, η)∇S
˙˜
∂b
)
.
Since (ρ, η)∇ ˙˜
∂a
δ˜b = (ρ, η)∇ ˙˜
∂a
˙˜
∂b = 0, and
(ρ, η)∇δ˜a δ˜b = ∂˙b((ρ, η)Γ
c
a)δ˜c = −∂˙bH
c
aδ˜c,
(ρ, η)∇δ˜a
˙˜
∂b = ∂˙b((ρ, η)Γ
c
a)
˙˜
∂c = −∂˙bH
c
a
˙˜
∂c,
then we obtain
(ρ, η)∇SU = A
b(δ˜b +
˙˜
∂b),
where
Ab = −2(Gb −
1
4
F b)−
1
2
UmU r(gar ◦ h ◦ π)
(
(gdm ◦ h ◦ π)(g˜
b
e ◦ h ◦ π)(L
e
da ◦ h ◦ π)
− (ρia ◦ h ◦ π)(g˜
b
e ◦ h ◦ π)∂i(g
e
m ◦ h ◦ π)− 2(g˜
c
a ◦ h ◦ π)∂˙m∂˙c(G
b −
1
4
F b)
− (gcm ◦ h ◦ π)(ρ
i
c ◦ h ◦ π)∂i(g˜
b
a ◦ h ◦ π)
)
. (66)
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But we have
UmU r((gar g
d
mg˜
b
eL
e
da) ◦ h ◦ π) = −U
mU r((gar g
d
mg˜
b
eL
e
ad) ◦ h ◦ π).
Replacing r ↔ m and d↔ a in the right side of the above equation implies that
UmU r((gar g
d
mg˜
b
eL
e
da) ◦ h ◦ π) = −U
rUm((gdmg
a
r g˜
b
eL
e
da) ◦ h ◦ π),
attains
UmU r((gar g
d
mg˜
b
eL
e
da) ◦ h ◦ π) = 0. (67)
Since gar g˜
b
a = δ
b
r, then we deduce that
UmU r((gar g
c
mρ
i
c) ◦ h ◦ π)∂i(g˜
b
a ◦ h ◦ π) = −U
mU r((gcmg˜
b
aρ
i
c) ◦ h ◦ π)∂i(g
a
r ◦ h ◦ π).
Replacing a → e, c → a and r ↔ m in the right side of the above equation
yields
UmU r((gar g
c
mρ
i
c) ◦ h ◦ π)∂i(g˜
b
a ◦ h ◦ π) = −U
rUm((gar g˜
b
eρ
i
a) ◦ h ◦ π)∂i(g
e
m ◦ h ◦ π).
(68)
We have
UmU r(gar ◦ h ◦ π)(g˜
c
a ◦ h ◦ π)∂˙m∂˙c(G
b −
1
4
F b) = UmU c∂˙m∂˙c(G
b −
1
4
F b). (69)
Since S is (ρ, η)-spray, then we have (60). Differentiating (60) with respect to
the yc and then multiplying U c in it, yield
U cU b∂˙c∂˙b(G
a −
1
4
F a) = U c∂˙c(G
a −
1
4
F a) = 2(Ga −
1
4
F a).
Setting the above equation in (69), results
UmU r(gar ◦ h ◦ π)(g˜
c
a ◦ h ◦ π)∂˙m∂˙c(G
b −
1
4
F b) = 2(Gb −
1
4
F b). (70)
Setting (67), (68) and (70) in (66), yields Ab = 0 and consequently (ρ, η)∇SU =
0.
Lemma 5.10. Let f be a function of class C1 on E and S be the canonical
(ρ, η)-semispray associated to the mechanical (ρ, η)-system ((E, π,M) , Fe, (ρ, η) Γ)
and locally invertible vector bundles morphism (g, h). Then S¯ = S + fC is a
(ρ, η)-spray if and only if f is 1-homogenous.
Proof. Using the locally expressions of S and C, they yield
S¯ = (gab ◦ h ◦ π)U
b∂˜a + (fU
a − 2(Ga −
1
4
F a)) ˙˜∂a.
Thus S¯ is (ρ, η)-spray if and only if
U b∂˙b(fU
a − 2(Ga −
1
4
F a)) = 2(fUa − 2(Ga −
1
4
F a)). (71)
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Since S is (ρ, η)-spray, then using (60), it concludes
U b∂˙b(fU
a − 2(Ga −
1
4
F a)) = UaU b∂˙bf + fU
a − 4(Ga −
1
4
F a)
= UaU b∂˙bf − fU
a + 2(fUa − 2(Ga −
1
4
F a)).
Two above equations, have an outcome that S¯ is (ρ, η)-spray if and only if
UaU b∂˙bf = fU
a.
But the above equation is equaivalent to ((ρ, η)∇vUf)C = fC. Since C is a
nonzero section, then S¯ is (ρ, η)-spray if and only if (ρ, η)∇vUf = f .
Definition 5.11. Two (ρ, η)-sprays S and S¯ are called projectively related if
there exists a 1-homogenous function f of class C1 on E such that S¯ = S+ fC.
In this case we say that S¯ is a projective change of S.
Theorem 5.12. If S¯ = S + fC is a projectively change of the (ρ, η)-spray S,
then the horizontal projectors associated to S and S¯ are related by
HS¯ = HS +
1
2
(fJ(g,h) + (ρ, η)∇
v
J(g,h)
f ⊗ C). (72)
Proof. Let X = Xa∂˜a + X˜
a ˙˜∂a. Thus
HS¯(X) = X
aHS¯(∂˜a) = X
a∂˜a +X
aH¯ba
˙˜
∂b, (73)
where
H¯ba =
1
2
[U c((gdc g˜
b
eL
e
da) ◦ h ◦ π)− U
c(ρia ◦ h ◦ π)(∂i(g
e
c ◦ h ◦ π))(g˜
b
e ◦ h ◦ π)
− (gcd ◦ h ◦ π)U
d(ρic ◦ h ◦ π)(∂i(g˜
b
a ◦ h ◦ π))
+ (g˜ca ◦ h ◦ π)∂˙c(fU
b − 2(Gb −
1
4
F b))].
This equation together with (65), give
H¯ba = H
b
a +
1
2
(g˜ca ◦ h ◦ π)∂˙c(fU
b) = Hba +
1
2
(g˜ca ◦ h ◦ π)U
b∂˙cf +
1
2
f(g˜ba ◦ h ◦ π).
Setting this equation in (73), we get
HS¯(X) = HS(X) +
1
2
Xa((g˜ca ◦ h ◦ π)U
b∂˙cf + f(g˜
b
a ◦ h ◦ π))
˙˜
∂b
= HS(X) +
1
2
(fJ(g,h)(X) + (ρ, η)∇
v
J(g,h)(X)
fC).
Theorem 5.13. If S¯ = S + fC is a projectively change of the (ρ, η)-spray S,
then the mixed curvature of the Berwald derivatives induced by HS and HS¯ are
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related by
◦
P(X,Y )Z =
◦
P(X,Y )Z − ( ˙˜XdY cZb∂˙d∂˙bA
a
c +X
fY cAdfZ
bg˜ec ∂˙d∂˙b∂˙e(G
a −
1
4
F a))δ˜a
+ (− ˙˜XdY cZb(Aae ∂˙d∂˙bA
e
c − g˜
f
c ∂˙d∂˙b∂˙f (G
e −
1
4
F e)Aae)
− ˙˜XdY cZ˜b∂˙d∂˙bA
a
c −X
fY cAdf (Z
tAbt +
˙˜
Zb)g˜ec ∂˙d∂˙b∂˙e(G
a −
1
4
F a)
− ˙˜XdY cZfAbf g˜
e
c ∂˙d∂˙b∂˙e(G
a −
1
4
F a))
˙˜
∂a,
where X = Xd
¯˜
δd +
˙˜
Xd∂˙d and Y = Y
c ¯˜δc +
˙˜
Y c∂˙c, Z = Z
b ¯˜δb +
˙˜
Zb∂˙b and
Aba =
1
2
(g˜ca ◦ h ◦ π)U
b∂˙cf +
1
2
f(g˜ba ◦ h ◦ π).
Proof. Since X = Xa ¯˜δa +
˙˜
Xa∂˙a and
¯˜
δa = δ˜a + A
c
a∂˙a, then X has the locally
expression X = Xaδ˜a + (X
cAac +
˙˜
Xa)∂˙a with respect to the {
¯˜
δa,
˙˜
∂a}. Similarly,
Y = Y aδ˜a + (Y
cAac +
˙˜
Y a)∂˙a and Z = Z
aδ˜a + (Z
cAac +
˙˜
Za)∂˙a. Using these and
the definition of the mixed curvature of (ρ, η)∇, we get
◦
P(X,Y )Z = (ρ, η, h)R(VSX,HSY )Z
= Y c(XfAdf +
˙˜
Xd)(ρ, η, h)R(
˙˜
∂d, δ˜c)(Z
bδ˜b + (Z
eAbe +
˙˜
Zb)
˜˙
∂b)
= −Y c(XfAdf +
˙˜
Xd)Zb∂˙d∂˙bH
a
c δ˜a
− Y c(XfAdf +
˙˜
Xd)(ZeAbe +
˙˜
Zb)∂˙d∂˙bH
a
c
˜˙
∂a. (74)
Now we compute the mixed curvature of (ρ, η)∇¯ as follows
◦
P(X,Y )Z = (ρ, η, h)R(VS¯X,HS¯Y )Z = Y
c ˙˜Xd(ρ, η, h)R( ˙˜∂d,
¯˜
δc)(Z
b ¯˜δb +
˙˜
Zb
˜˙
∂b)
= −Y c ˙˜XdZb∂˙d∂˙bH¯
a
c
¯˜
δa − Y
c ˙˜Xd ˙˜Zb∂˙d∂˙bH¯
a
c
˙˜
∂a.
Setting H¯ac = H
a
c +A
a
c and
¯˜
δa = δ˜a +A
c
a∂˙a in the above equation, yields
◦
P(X,Y )Z = (− ˙˜XdY cZb(∂˙d∂˙bA
a
c + ∂˙d∂˙bH
a
c ))δ˜a + (−
˙˜
XdY cZbAae(∂˙d∂˙bA
e
c
+ ∂˙d∂˙bH
e
c )−
˙˜
XdY c
˙˜
Zb(∂˙d∂˙bA
a
c + ∂˙d∂˙bH
a
c ))
˙˜
∂a. (75)
But from (65) it is easy to see that
∂˙d∂˙bH
a
c = −(g˜
f
c ◦ h ◦ π)∂˙d∂˙b∂˙f (G
a −
1
4
F a).
Putting the above equation in (74) and (75) and then comparing the new equa-
tions we obtain the assertion.
Theorem 5.14. Let S and S¯ be two (ρ, η)-sprays of the mechanical (ρ, η)-
systems ((E, π,M) , Fe, (ρ, η) Γ) and
(
(E, π,M) , F¯e, (ρ, η) Γ¯
)
, respectively. Then
S and S¯ are projectively related if and only if the geodesics of these systems with
respect to the (ρ, η)-sprays S and S¯ differ only in a strictly increasing parameter
transformation.
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Proof. First, we assume that S¯ = S+ fC such that f (λux) = λf (ux). Let c be
a geodesic of the mechanical (ρ, η)-system ((E, π,M) , Fe, (ρ, η) Γ) with respect
to the (ρ, η)-spray S. Then
dya(t)
dt
+ 2(Ga −
1
4
F a)(c˙(t)) = 0. (76)
Now, we can extract the parameter s by solving the ODE
d2s (t)
dt2
= −f (c˙ (t))
ds (t)
dt
,
ds (t)
dt
> 0. (77)
With this parametrization, we have
c˙ (t) = c˙ (s (t))
ds (t)
dt
, (78)
which gives
ya (t) = ya (s (t))
ds (t)
dt
. (79)
The above equation implies that
dya(t)
dt
=
d
dt
(ya(s)
ds
dt
) (80)
=
dya(s)
dt
ds
dt
+ ya(s)
d2s
dt2
=
dya(s)
ds
(
ds
dt
)2 + ya(s)
d2s
dt2
.
Hence
dya(s)
ds
=
−2(Ga − 14F
a)(c˙(t))ds
dt
+ f(c˙(t))ds
dt
ya(t)
(ds
dt
)3
=
−2(G¯a − 14 F¯
a)(c˙(t))
(ds
dt
)2
= −2(G¯a −
1
4
F¯ a)(c˙(t))(
dt
ds
)2
= −2(G¯a −
1
4
F¯ a)(c˙(t))(
dt
ds
)2. (81)
Since S¯ is an spray, then for any a = 1, · · · , r, G¯a − 14 F¯
a is a homogenous
function of degree 2. Thus
(G¯a −
1
2
F¯ a)(c˙(t))(
dt
ds
)2 = (G¯a −
1
4
F¯ a)(c˙(t)(
dt
ds
)) = (G¯a −
1
4
F¯ a)(c˙(s)).
Setting this equation in (81), yields
dya(s)
ds
= −2(G¯a −
1
4
F¯ a)(c˙(s)). (82)
Conversely, let S and S have the same geodesic c around any point. To show
that S and S are projectively related, it is sufficient to prove
2(Ga −
1
4
F a)(ux)− 2(G¯
a −
1
4
F¯ a)(ux) = f(ux)U
a(ux), (83)
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where f is a 1-homogenous function on E and ux ∈ Ex. Now, assume that t
and s be the parameters of the geodesic c with respect to S and S. Then
dya(t)
dt
+ 2(Ga −
1
4
F a)(c˙(t)) = 0, (84)
dya(s)
dt
+ 2(G¯a −
1
4
F¯ a)(c˙(s)) = 0. (85)
Now we parametrize c by a common parameter u. Then
ya(t) = ya(u)
du
dt
, ya(s) = ya(u)
du
ds
.
These equations give
d
dt
ya(t) =
d
dt
(ya(u)
du
dt
) = ya(u)
d2u
dt2
+ (
du
dt
)2
d
du
ya(u),
d
ds
ya(s) =
d
ds
(ya(u)
du
ds
) = ya(u)
d2u
ds2
+ (
du
ds
)2
d
du
ya(u).
Setting these equation in (84) and (85) and using the 2-homogeniuty of (Ga −
1
4F
a), yield
ya(u)
d2u
dt2
+ (
du
dt
)2
d
du
ya(u) + 2(Ga −
1
4
F a)(c˙(u))(
du
dt
)2 = 0,
ya(u)
d2u
ds2
+ (
du
ds
)2
d
du
ya(u) + 2(G¯a −
1
4
F¯ a)(c˙(u))(
du
ds
)2 = 0.
The above equations, yield
2(Ga −
1
4
F a)(c˙(u))− 2(G¯a −
1
4
F¯ a)(c˙(u)) = (
d2u
dt2
(du
dt
)2
−
d2u
ds2
(du
ds
)2
)ya(u).
Since the above equation holds for any geodesic, it results that (83) holds for
some 1-homogenous function f on E.
Theorem 5.15. Let S and S¯ be two (ρ, η)-sprays of the mechanical (ρ, η)-
systems ((E, π,M) , Fe, (ρ, η) Γ) and
(
(E, π,M) , F¯e, (ρ, η) Γ¯
)
, respectively. Then
S¯ and S are projectively related if and only if the Berwald derivatives ∇ and ∇¯
induced by HS and HS¯ respectively, are related by
(ρ, η)∇¯XY = (ρ, η)∇XY −X
aY b∂˙bA
c
aδ˜c +
(
−XaY bAcm∂˙bH
m
a −X
aY bAcm∂˙bA
m
a
−Xa ˙˜Y b∂˙bA
c
a −X
aAma Y
d∂˙mA
c
d −X
aY dρia∂iA
c
d −X
aY dHma ∂˙mA
c
d
+XaY dAbd∂˙bH
c
a −
˙˜
XaY d∂˙aA
c
d
)
˙˜
∂c, (86)
where X = Xa
¯˜
δa +
˙˜
Xa∂˙a and Y = Y
b ¯˜δb +
˙˜
Y b∂˙b.
Proof. Let S¯ and S be projectively related (ρ, η)-sprays and HS¯ and HS be the
horizontal projectors induced by S¯ and S, respectively. Then
H¯ba = H
b
a +A
b
a. (87)
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Denoting by {¯˜δa,
˙˜
∂a} and {δ˜a,
˙˜
∂a} the adapted basis associated with HS¯ and
HS , respectively, then using (87) we have
¯˜
δa = ∂˜a + H¯
b
a
˙˜
∂b = ∂˜a + (H
b
a +A
b
a)
˙˜
∂b = δ˜a +A
b
a
˙˜
∂b. (88)
Using the definition of the Berwald derivative, (87) and (88), it attains
(ρ, η)∇¯¯˜
δa
¯˜
δb = −(∂˙bH¯
c
a)
¯˜
δc = −(∂˙bH
c
a + ∂˙bA
c
a)(δ˜c +A
d
c
˙˜
∂d)
= −(∂˙bH
c
a + ∂˙bA
c
a)
¯˜
δc −A
c
d(∂˙bH
d
a + ∂˙bA
d
a)
˙˜
∂c. (89)
Similarly
(ρ, η)∇¯¯˜
δa
˙˜
∂b = −(∂˙bH
c
a + ∂˙bA
c
a)
˙˜
∂c. (90)
Also for the Berwald derivative (ρ, η)∇¯, we have
(ρ, η)∇¯ ˙˜
∂a
˙˜
∂b = (ρ, η)∇¯ ˙˜
∂a
¯˜
δb = 0. (91)
Now, let X = Xa
¯˜
δa +
˙˜
Xa∂˙a and Y = Y
b ¯˜δb +
˙˜
Y b∂˙b. Then (89), (90) and (91)
give
(ρ, η)∇¯XY =
(
−XaY b(∂˙bH
c
a + ∂˙bA
c
a) +X
aρia∂i(Y
c) +Xa(Hda +A
d
a)∂˙d(Y
c)
+ ˙˜Xa∂˙a(Y
c)
)
δ˜c +
(
−XaY bAcd(∂˙bH
d
a + ∂˙bA
d
a) +X
aρia∂i(Y
b)Acb
+Xa(Hda +A
d
a)∂˙d(Y
b)Acb −X
a ˙˜Y b(∂˙bH
c
a + ∂˙bA
c
a) +X
aρia∂i(Y˜
c)
+Xa(Hda +A
d
a)∂˙d(
˙˜
Y c) + ˙˜Xa∂˙a(
˙˜
Y c) + ˙˜Xa∂˙a(Y
b)Acb
)
˙˜
∂c. (92)
Now we consider the locally expressions of sections X and Y with respect to
the adapted basis {δ˜a,
˙˜
∂a}, i.e.,
X = Xaδ˜a + (
˙˜
Xa +XcAac )
˙˜
∂a, Y = Y
bδ˜b + (
˙˜
Y b + Y dAbd)
˙˜
∂b,
and compute (ρ, η)∇XY . Direct calculations yield
(ρ, η)∇XY =
(
−XaY b∂˙bH
c
a +X
aρia∂i(Y
c) +XaHda∂˙d(Y
c) + ˙˜Xa∂˙a(Y
c)
+XbAab ∂˙a(Y
c)
)
δ˜c +
(
−Xa ˙˜Y b∂˙bH
c
a +X
aρia∂i(
˙˜
Y c) +XaHda∂˙d(
˙˜
Y c)
+ ˙˜Xa∂˙a(
˙˜
Y c) +XbAab ∂˙a(
˙˜
Y c) +XbAab ∂˙a(Y
d)Acd +X
bAabY
d∂˙aA
c
d
+Xaρia∂i(Y
d)Acd +X
aHda∂˙d(Y
b)Acb +X
aρia∂i(A
c
b)Y
b
+XaHda∂˙d(A
c
b)Y
b −XaY dAbd∂˙bH
c
a +
˙˜
Xa∂˙a(Y
b)Acb +
˙˜
XaY b∂˙a(A
c
b)
)
˙˜
∂c.
(93)
(92) and (93) result in (86).
Conversely, let (86) holds. Suppose that S and S¯ have the locally expressions
S = (gab ◦ h ◦ π)U
b∂˜a − 2(G
a −
1
4
F a) ˙˜∂a,
S¯ = (gab ◦ h ◦ π)U
b∂˜a − 2(G¯
a −
1
4
F¯ a)
˙˜
∂a.
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In the adapted basis {¯˜δa, ∂˙a}, the (ρ, η)-spray S¯ has the locally expression
S¯ = (gab ◦ h ◦ π)U
b ¯˜δa − (2(G¯
a −
1
4
F¯ a) + H¯ab (g
b
c ◦ h ◦ π)U
c) ˙˜∂a.
Now let H¯ab = H
a
b + B
a
b . Then
¯˜
δa = δ˜a + B
b
a
˙˜
∂b, where {δ˜a, ∂˙a} is the adapted
basis induced by HS . Therefore in the adapted basis {δ˜a, ∂˙a}, the (ρ, η)-spray
S¯ has the locally expression
S¯ = (gab ◦ h ◦ π)U
bδ˜a − (2(G¯
a −
1
4
F¯ a) +Hab (g
b
c ◦ h ◦ π)U
c)
˙˜
∂a.
Setting X = S¯ and Y = U¯ = U b
¯˜
δa + U
b ˙˜∂b = U
bδ˜a + (U
b + U cBbc)
˙˜
∂b in (86) we
get
0 = (ρ, η)∇¯S¯U¯ = (ρ, η)∇S¯U¯ − g
a
mU
mU b(∂˙bA
c
a)δ˜c +
(
− gadU
dU bAcm∂˙bH
m
a
− gadU
dU bAcm∂˙bA
m
a − g
a
dU
dU b∂˙bA
c
a − g
a
dU
dAma U
n∂˙mA
c
n
− UdgamU
mρia∂iA
c
d + g
a
mU
mUdAbd∂˙bH
c
a
+ Ud∂˙aA
c
d{2(G¯
a −
1
4
F¯ a) +Bab g
b
fU
f}
)
˙˜
∂c,
Since HS(δ˜a) = δ˜a and HS(
˙˜
∂a) = 0, then the above equation gives
HS((ρ, η)∇S¯U¯)− (g
a
f ◦ h ◦ π)U
fU b(∂˙bA
c
a)δ˜c = 0. (94)
But
HS((ρ, η)∇S¯U¯) = HS
(
(gad ◦ h ◦ π)U
d{U b(ρ, η)∇δ˜a δ˜b + δ˜a(U
b)δ˜b
+ (U b + UeBbe)(ρ, η)∇δ˜a
˙˜
∂b + δ˜a(U
b + UeBbe)
˙˜
∂b}
− (2(G¯a −
1
4
F¯ a) +Had(g
d
c ◦ h ◦ π)U
c){∂˙a(U
b)δ˜b
+ ∂˙a(U
b + UeBbe)
˙˜
∂b}
)
.
Since
HS(δ˜a) = δ˜a, HS((ρ, η)∇δ˜a δ˜b) = (ρ, η)∇δ˜a δ˜b = −∂˙bH
c
aδ˜c,
HS(
˙˜
∂a) = 0, HS((ρ, η)∇δ˜a
˙˜
∂b) = 0, δ˜a(U
b) = Hba,
then the above equation reduces to
HS((ρ, η)∇S¯U¯) = (g
a
d ◦ h ◦ π)U
d{−U b∂˙bH
c
aδ˜c +H
b
aδ˜b}
− (2(G¯b −
1
4
F¯ b) +Hbd(g
d
c ◦ h ◦ π)U
c)δ˜b
= −((gad ◦ h ◦ π)U
dU c∂˙cH
b
a + 2(G¯
b −
1
4
F¯ b))δ˜b.
Setting U c∂˙cHba = H
b
a in the above equation implies that
HS((ρ, η)∇S¯ U¯) = −((g
a
d ◦ h ◦ π)U
dHba + 2(G¯
b −
1
4
F¯ b))δ˜b.
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On the other hand in the proof of Lemma 5.9, it had shown that (gad ◦ h ◦
π)UdHba = −2(G
b − 14F
b). Thus the above equation reduces to
HS((ρ, η)∇S¯U¯) = 2((G
b −
1
4
F b)− (G¯b −
1
4
F¯ b))δ˜b. (95)
Also it is easy to see that
(gaf ◦ h ◦ π)U
fU b(∂˙bA
c
a) = fU
c. (96)
Putting (95) and (96) in (94), it results in
−2(G¯b −
1
4
F¯ b) = fU b − 2(Gb −
1
4
F b).
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